
1492 AIAA JOURNAL VOL. 14, NO. 10

T^ - 90 (Newtons per meter)

T - 180 (Newtons per meter)

points)

MODAL NUMBER, m

Fig. 4 Effect of air impedance with increasing frequency.

Eq. (2) in the case in which n = 1 and m is varied form 1 to 15.
Assuming that the factor K in Eq. (2) can be corrected for air
impedance by writing

where M is the mass of the membrane and Ma is the effective
added mass of air, the frequency ratio shown is expressible as
K1 IK where

If the added mass is assumed to be proportional to the
wavelength X of the standing wave, where \ = 2a/m, then

m (3)

where c is a constant. Matching this expression to the ex-
perimentally determined frequency ratio for m = I , the value
of c is found to be 1 1 .0. Equation (3), as shown in Fig. 4, is in
reasonable agreement with the trend of the measured frequen-
cy ratios.
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Introduction

G EOMETRICALLY thin shock layers are advantageous
in reducing the radiation heat transfer to a high-speed

body. Gibeling and one of the present authors! have shown,
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in fact, that optimum two-dimensional bodies for minimizing
the overall radiant heat transfer correspond closely to those
associated with reductions in the disturbed volume of air
when the field is radiatively coupled. However, elongated
shock layers imply anisotropic radiation fields. Therefore, the
differential [Milne-Eddington (M.E.)] approximation used in
Ref. 1 is somewhat questionable.

In the optically thin limit for which emission dominates and
reabsorption is negligible, a purely differential description is
appropriate. Wedge flow results have been carried out for
that limit by Jischke2 using an integral method, and Olfe3

based on an expansion in shock density ratio.
Recently, an extension of the Milne-Eddington has been

proposed and evaluated.4'5 The essential improvement was
the introduction of variable closure for the higher moments of
the intensity distribution (or equivalently for a higher-order
spherical harmonics expansion) based on ellipsoidal intensity
distribution modeling. The inadequacy of M.E. to represent
anisotropic radiation fields was shown there by means of
comparisons of exact, variable closure, and M.E. evaluations
for several representative regions. These included quite thin
(10°-170°) rhombic section prisms, and concentric annular
regions between cylinders and cones, all being representative
of shock-layer regions. Geometric corners imply a most severe
test for radiative approximations of a differential nature.
M.E. showed marked departures from the exact values for
flux and intensity in such regions, but the variable closure
ellipsoids gave rather good agreement. This suggests the
utility of ellipsoidal modeling for both anisotropic and
coupled fields. The purpose here is an application of the con-
cept to a radiatively coupled wedge flow, which is a reference
case considered in Ref. 1 and provides a realistic basis for
examination of M.E. adequacy for shock layers.

Analysis
The fluid field is specified by an integral method and, con-

sistent with this, the radiation intensity is specified by an
assumed distribution across the shock layer. For an inviscid,
perfect-gas continuum, the radiation contribution to the fluid •
field description6'7 is the nonadiabatic flux divergence term

in the energy balance. Here, a is a temperature-dependent
grey gas absorption coefficient5 and I0 is the zeroth angular
moment of intensity, i.e., j^IdQ. Significantly, only the
lowest order moment is required explicitly since the ab-
sorption process is independent of the photon direction of
travel through a point.

Although coupled to the fluid field, it proves convenient to
consider I0 as a parametric function of the problem and
proceed iteratively based on an initial assumption of 70 = 0.
The physical rationale is an increasing absorption with suc-
cessive iteration cycles. Since the energy loss from each fluid
element during a given cycle is greater than would be expected
with full reabsorption, the temperature level for each cycle is
too small. Corresponding radiation moments then are based
on lower emission levels and a uniformly lower I0 increases
monotonically with iteration cycle. The essential advantage is
a separation of radiation and fluid-field evaluations; the
adequacy of the converged solution depends upon the ac-
curacy of the basis for I0.

Since field points located away from the boundaries are
irradiated over relatively larger solid angles, an I0 maximum
is to be anticipated between the surface and shock. Assuming
a parabolic distribution of the form

I0(x,y) =I0o (x) +I0] (x) (y/d) +I02 (x) (y/d) 2 (2)

implies the need for I0 at7 = 0, (6/2), and 6; i.e., in Eq. (2)

70 =flr/70 (x,0) + fc/70 [x, (6/2) ] •+ c/70 (jc,5) (3)
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with fa, &,-,?,•) = (1,0,0), (-3,4,-!), (2,-4,2) for i = 0,l,2,
respectively.

The introduction of ellipsoidal modeling for the specific in-
tensity distribution implies a need for only relatively coarse
subdivisions. The present approach with "I0 as a lagging
nonadiabatic parameter requires a systematic specification of
the elliptic sections for a given fluid field. Conceptually,
however, the variable closure ellipsoids provide for a more ac-
curate representation of the higher moments for the field in-
tensity.4'5

Consider a unit vector, /5, in an arbitrary s direction with
direction cosines (tx,ty,tz) = (sin0 cos</>, sin0 sin</>, cos0) relative
to a surface-aligned (x,y,z) coordinate system as in Fig. la.
The intensity follows from integration of the transfer relation

(4)

and for both 6 = 0 and TT, I=aT4/ir( =7^, say). Assuming an
elliptical variation in intensity in a given 0 plane,

(5)

where 5J(0) = /(7r/2,<£). The general intensity moments are
then

Iu=

in terms of 5J ( <t> ) , modeling and the function 5

{ 7T/2

sino

(6)

(7)

The remaining 0 = ir/2 section model follows from a con-
sideration of the characteristic </>/ angles to the three shock-
layer corners (Fig. Ic), i.e.,

-7^-], [
7T

~2~

+ tan" (8)

It must be anticipated that discontinuous angular derivatives
of intensity will be present along such <£, rays, and the
inherent segmentation is of some importance for realistic
modeling. Integration of Eq. (4) along the boundaries and
bisectors [</>/ and (</>/ +<£2)/2, etc.] of the three naturally
defined plane regions follows with the use of a, T, and <5 from
the previous fluid field. For any angle pair, </>,, </>,-, and their
corresponding intensities, //>//, say, an elliptic section may
be constructed with the major axis aligned along 0; and the
axes ratio adjusted to fit the intensities. Thus

(9)

(0,0)
Fig. 1 Wedge field geometry.
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Fig. 2 Flux distribu-
tions parallel to surface,
along surface and
shock. 0^=0.61 rad,
(M 0 0 , T / , J eo) = (28.5,
0.62,0.027).

.2 .4 .6 1.0

At a shock boundary point, the shock curvature introduces
a solid angle over which the shock is viewed (Fig. Ib). The in-
tensity vanishes as 0 approaches coincidence with the shock
tangent, and the maximum intensity generally corresponds to
the longest radiating path length, either </>/ or <t>3. This
suggests a tangent ellipse model. If <t>t locates the shock
tangent, and <t>k, Ik refer to the k=\ or 3 direction values,
then for the shock viewed segment

in which

(10)

This representation is useful for interior points within all six
angular segments. For surface and downstream boundary
points, the intensity sections corresponding to emerging
radiation vanish appropriately. The somewhat artificial
downstream boundary is introduced as a simplification. The
neglected downstream layer continues to radiate until even-
tually cooled by trailing-edge expansion processes; its
omission appears justified by the negligibly small solid angle
subtended in cases involving geometrically thin layers. Any
appreciable influence is confined to a region on the order of
several layer thicknesses upstream of the trailing edge.

(H)

Figure Ib illustrates the k = 3 case, the solid segment being
relevant, and </> / = TT + tan ~ l (d5/d*) .

Results and Discussion
Typical results and comparisons with M.E. are shown in

Figs. 2-4 for a dw = 0.61-rad wedge at M^ = 28.5 and 35.5 and
an altitude of 60 km. Lengths (x,6) are in units of wedge sur-
face length L, say, and radiative flux and intensity are in units
of aTt, the blackbody flux for conditions immediately behind
the shock at the leading edge. For M^ = 28.5, Ts = 2x 104K,
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Fig. 3 Flux distribu-
tions to wedge surface
and stream, in surface
normal d i r e c t i o n ,
0H,=0.61 rad, (M^,
T/,£o) = (28.5, 0.62,
0.027) and (35.5, 5.42,
0.0092).

.8 1.0

Fig. 4 Intensity dis-
tributions along surface
and shock, 0^=0.61
rad , (M^T-L.BO)
= (28.5, 0.62, 0.027)
and (35.5, 5.42, 0.0092).

a5 = 0.355/m, and a7^ = 9x!09 W/m2. Boltzmann and
Bouguer numbers are defined as Bo= (puh/oT4)s and rL =
asL, with L=1.75 m for an assumed 1-m base height. All
numerical values correspond to Ref. 1 to enable comparison.
For these conditions, emission is appreciably larger than ab-
sorption and the significant differences in I0 for M.E. and
ellipsoidal modeling imply negligible differences in the
corresponding strongly coupled fluid field.

The surface parallel flux qXQ is indicative of the modeling
importance (Fig. 2). This is consistent with the pure radiation
field studies4'5 that pointed out the errors in M.E. for flux
components not constrained by the boundary condition.
M.E. failure is clear, in fact, from the \qx\ «7/0- result (see
Fig. 4) at the nose, whereas moment definitions require \qx\
</0. The comparison is not as poor at the downstream boun-
dary where the matching of average (for the integral method)
/o and qx are imposed.

The normal flux component, qyQ, provides surface heating
(Fig. 3). Increasing M^ (or wedge angle5) leads to stronger
shocks and the increasingly dominant radiation over con-
vection (i.e., decreasing Bo) implies significant radiative
cooling over a lesser distance. This effect tends to offset the
increased absorption at the nose and results in a moderate in-
crease in the actual (longitudinal) optical depth (\adx) despite
a considerable increase in the nominal asL. Near the base, the
transverse optical depth actually decreases. The influence of
earlier cooling is absent from M.E. The overprediction of
M.E. nose heating by a factor of six is especially important,
and is associated with the boundary condition qyQ = -70/VI,

even in situations where the intensity concentration is in the
xz plane. The areas between the qy and qy& distributions in
Fig. 3 are a measure of the total fluid energy loss, and the
reasonable agreement between M.E. and ellipsoidal methods
is a consequence of the emission dominance.

Differences in I0 fields (Fig. 4) between the methods in-
dicate the appreciably different flowfields that must be ex-
pected with increasing absorption. The essentially constant I0
distributions for M.E. are even more striking than the
disagreement in magnitude. This behavior may be traced to
the M.E. flux constraint d!0/dy~qy which, for geometrically
thin layers, implies large qy for any significant I0 change.
However, for emission dominance, the integrated qy must be
accurate, limiting I0 variations normal to the surface. The im-
plications extend beyond a poor absorption representation to
imposing virtually identical outward fluxes at both surface
and shock, since the M.E. normal flux is related there to the
local 70. This is apparent in the M.E. curves in Fig. 3, where
half of the radiated energy issues from each lateral boundary.

Although reabsorption may be relatively small everywhere
(Mo, = 28.5), in some situations (M^ = 35.5) reabsorption and
emissions are comparable near the base (for either M.E. or
ellipsoidal). Physically, this tends to diminish the surface-
directed radiation by reabsorption and subsequent isotropic
re-emission. The net effect is that more than half of the energy
is radiated out through the shock, as made clear by the ellip-
soidal results in Fig. 3. Thus, even in instances of overall in-
significant reabsorption, the modeling is of some importance
to the distributed absorption influence.
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Radiative Ablation of Melting Solids
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Nomenclature
c = heat capacity per unit volume of the solid
77 = heat flow vector
k = thermal conductivity of the solid
L = latent heat of the solid
ql (t) = unknown surface temperature
q2(t) — melting distance
t — time

Received April 28, 1976; revision received July 6, 1976.
Index categories: Heat Conduction; Material Ablation.
* Assistant Professor, Department of Mechanical Engineering.
tLecturer, Department of Metallurgical Engineering.


